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GEOGEO--ELSEELSE
(GEO(GEO--ELasticity ELasticity byby SpectralSpectral Elements)Elements)

•• GEOGEO--ELSE is a Spectral Elements code for the ELSE is a Spectral Elements code for the 
study of wave propagation phenomena in 2D or 3D study of wave propagation phenomena in 2D or 3D 
complex domaincomplex domain

•• Developers:Developers:
-- CRS4 (Center for Advanced, Research and Studies CRS4 (Center for Advanced, Research and Studies 

in Sardinia)in Sardinia)
-- Politecnico di Milano, DIS (Department of Structural Politecnico di Milano, DIS (Department of Structural 

Engineering)Engineering)

•• Native parallel implementationNative parallel implementation

•• Naturally oriented to large scale applications            Naturally oriented to large scale applications            
( > at least 10( > at least 1066 grid points)grid points)



Slide 3

Suitable for modelling a variety of physical problems Suitable for modelling a variety of physical problems 
(acoustic and elastic wave propagation, thermo elasticity, (acoustic and elastic wave propagation, thermo elasticity, 
fluid dynamics)fluid dynamics)

Accuracy of highAccuracy of high--order methodsorder methods

Suitable for implementation in parallel architecturesSuitable for implementation in parallel architectures

Great advantages from last generation of hexahedral mesh Great advantages from last generation of hexahedral mesh 
creation program (e.g.: CUBIT, creation program (e.g.: CUBIT, SandiaSandia Lab.)Lab.)

Why using spectral elements ?Why using spectral elements ?

NN
Nh ehCuu −≤− ,
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Formulation of the Formulation of the elastodynamicelastodynamic problemproblem

Dynamic equilibrium in the weak form:Dynamic equilibrium in the weak form:

∫∫∫∫ ΩΓΩΩ
+=Ω+Ω

∂
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iiiiijijii vfvtddvu
t

εσρ2

2

wherewhere uuii = unknown displacement function= unknown displacement function

vvii = generic admissible displacement function (test function)= generic admissible displacement function (test function)

ttii = prescribed tractions at the boundary = prescribed tractions at the boundary ΓΓ

ffii = prescribed body force distribution in = prescribed body force distribution in ΩΩ
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Time advancing schemeTime advancing scheme

Finite difference 2Finite difference 2ndnd order (LF2 order (LF2 –– LF2)LF2)
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Spatial discretizationSpatial discretization

Spectral element method  SEM (FaccioliSpectral element method  SEM (Faccioli et al., 1997)et al., 1997)
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CourantCourant--FriedrichsFriedrichs--Levy (CFL) stability conditionLevy (CFL) stability condition
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Spectral Spectral discretizationdiscretization of the of the 
spatial domainspatial domain

The domain is split into The domain is split into 
quadrilaterals (hexahedra)quadrilaterals (hexahedra)

11

Each Each subdomainsubdomain is is 
mapped onto a reference mapped onto a reference 
elementelement

22

LGL nodes are introducedLGL nodes are introduced

33

Spectral gridSpectral grid--points are points are 
mapped back onto the mapped back onto the 
domaindomain

44
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The LegendreThe Legendre--GaussGauss--Lobatto Lobatto 
quadrature formulaquadrature formula

∫ ∑−
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LLNN(x(xkk)) being the Legendre orthogonal polynomial being the Legendre orthogonal polynomial 
of degree N, calculated at the LGL nodeof degree N, calculated at the LGL node xxk k 

LGL nodesLGL nodes: L´: L´NN(x(xkk)= 0  [x)= 0  [x0 0 = = ––1, ..., x1, ..., xNN = 1] = 1] 
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2D spectral elements and LGL nodes  for 2D spectral elements and LGL nodes  for 
different values of the polynomial degreedifferent values of the polynomial degree

              N =  2                        N  =  3                         N =  4            
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Selection of the test functionsSelection of the test functions

A suitable choice is the Lagrange polynomial of A suitable choice is the Lagrange polynomial of 
degree N, which is equal to one at the degree N, which is equal to one at the j j thth LGL node LGL node 
and vanishes at all other nodesand vanishes at all other nodes
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FEM/SEM comparisonFEM/SEM comparison

FEMFEM
N

Nh hCuu ≤− ,

Convergence of the methodConvergence of the method

The SEM converges more rapidly then FEM orThe SEM converges more rapidly then FEM or, , 
equivalentlyequivalently, , it is more accurate for a given number it is more accurate for a given number 
of nodal points (spectral accuracy)of nodal points (spectral accuracy)

NN
Nh ehCuu −≤− ,SEMSEM
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Why using spectral elements ? Why using spectral elements ? 
acoustic problem #1acoustic problem #1

n=1n=1

Acoustic wave propagation through an irregular domain. Acoustic wave propagation through an irregular domain. 
Simulation with spectral degree 1 Simulation with spectral degree 1 (left) (left) exhibits exhibits 
numerical dispersion due to poor accuracy.numerical dispersion due to poor accuracy.

n=2n=2

Simulation with spectral degree 2 Simulation with spectral degree 2 (right) (right) provides better provides better 
results.results. Change of spectral degree is done at Change of spectral degree is done at run timerun time. . 
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Domain geometry

Why using spectral elements ? Why using spectral elements ? 
acoustic problem #2acoustic problem #2

Courtesy of Dr. F. Courtesy of Dr. F. MaggioMaggio
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Fully unstructured Fully unstructured 
mesh (~ 39000 quads)mesh (~ 39000 quads)
Spectral degree Spectral degree nn=4=4
~ 618000 spectral ~ 618000 spectral 
gridgrid--pointspoints

Why using spectral elements ? Why using spectral elements ? 
acoustic problem #2acoustic problem #2

Courtesy of Dr. F. Courtesy of Dr. F. MaggioMaggio
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• Snapshots are taken every 0.25 s, up to 2.00 s
• Pressure values are normalized to [-1,+1]

(from black to white).

Why using spectral elements ? Why using spectral elements ? 
acoustic problem #2acoustic problem #2

Courtesy of Dr. F. Courtesy of Dr. F. MaggioMaggio
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FEM/SEM comparisonFEM/SEM comparison

FEMFEM

SEMSEM

Mass matrixMass matrix

SEM coupled with an explicit time approximation SEM coupled with an explicit time approximation 
scheme is very effective in term of CPU time savingscheme is very effective in term of CPU time saving

Non diagonal and symmetricNon diagonal and symmetric

DiagonalDiagonal
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Computational 
domain partitioning 

(METIS, University of 
Minnesota, USA)

CPU 1

CPU 2

CPU 4

CPU 3

A(1)U=b

A(2)U=b

A(4)U=b

A(3)U=b

Algebraic system 
solution

(AZTEC, Sandia 
National 

Laboratories, USA)

Parallel Efficiency = Parallel Efficiency = TTseqseq / (N/ (NCPUCPU · · TTparpar)  )  ≈≈ 90%90%

Parallel Strategy adopted in GEOParallel Strategy adopted in GEO--ELSEELSE

Courtesy of Dr. F. Courtesy of Dr. F. MaggioMaggio
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Absorbing boundariesAbsorbing boundaries

Stacey 1Stacey 1stst order (1988, “improved” paraxial conditions)order (1988, “improved” paraxial conditions)
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Viscoelastic dampingViscoelastic damping

Modified wave equationModified wave equation u
t
u
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3D 3D SoilSoil--StructureStructure –– Acquasanta viaductAcquasanta viaduct
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1756 m1756 m 2160 m2160 m

891 m891 m

Fault 1Fault 1

Fault Fault 22

Complex 3D layered structuresComplex 3D layered structures
with two main faultswith two main faults

Alluvial DepositsAlluvial Deposits
(max depth 30 m) with a (max depth 30 m) with a 

masonry railway bridge masonry railway bridge 
crossing the valleycrossing the valley

3D 3D SoilSoil--StructureStructure –– Acquasanta viaductAcquasanta viaduct
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Turkey earthquake 1999Turkey earthquake 1999
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GEOGEO--ELSE ViscoplasticELSE Viscoplastic

⇒⇒ ElastoviscoplasticElastoviscoplastic constitutive modelconstitutive model

el vp
ij ij ijε ε ε= +& & &

:
vp

eD
t t t
σ ε ε⎛ ⎞∂ ∂ ∂
= −⎜ ⎟∂ ∂ ∂⎝ ⎠

⇒⇒ Total strain tensor can be written as:Total strain tensor can be written as:

and constitutive behaviour is given by:and constitutive behaviour is given by:

( )
vp

m f
t
ε γ φ∂

=
∂

ijm g σ= ∂ ∂

( )fφ

⇒⇒ The flow rule can be written as belowThe flow rule can be written as below

((PerzynaPerzyna, 1963), 1963)

where where ff is the yield function,is the yield function, is the viscous nucleus, is the viscous nucleus, 
γγ is a parameter which describes the system evolution rate, is a parameter which describes the system evolution rate, 
mm, is the gradient to the plastic potential                   ,  , is the gradient to the plastic potential                   ,  and and 
characterizes the direction of characterizes the direction of viscoplasticviscoplastic strain.strain.
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( ) 0

0

N
f ff

f
φ

⎛ ⎞−
= ⎜ ⎟
⎝ ⎠

⇒⇒ Viscous nucleus definition:Viscous nucleus definition:

where where ff00 is the value characterizing the stress level below is the value characterizing the stress level below 
which no flow occurs, N is constitutive parameterwhich no flow occurs, N is constitutive parameter

⇒⇒ Von Von MisesMises o o DruckerDrucker--PragerPrager yield surfaceyield surface

GEOGEO--ELSE ViscoplasticELSE Viscoplastic

⇒⇒ The size of the yield surface varies according to a suitable The size of the yield surface varies according to a suitable 
softneningsoftnening law (linear dependence on the equivalent law (linear dependence on the equivalent 
deviatoricdeviatoric viscoplasticviscoplastic strain         )strain         )vpε
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Implementation of the viscoplastic model in Implementation of the viscoplastic model in 
GEOGEO--ELSEELSE

[ ] [ ]( ) ( ) ( )M t K t t+ =&& extu u F

[ ] int( )K t F dσ
Ω

= = Ω∫u

( )[ ] 1 2 2M t−= − ∆ + −n+1 ext int n n-1u F F u u

For simplicity absence of absorbent conditions and not viscous material

with

The viscoplastic  model The viscoplastic  model 
introduces an additional introduces an additional 
right hand side termright hand side term

( ): vpe
n n nD= −σ ε ε
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( )( ){ } 21

3
2 vp

ij
vp
ij
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11--Simulation of the shear band creationSimulation of the shear band creation

M. Mabssout, M. Pastor
“A Taylor“A Taylor--GalerkinGalerkin algorithm for shock wave propagation and strain algorithm for shock wave propagation and strain 
localization failure of localization failure of viscoplasticviscoplastic continua”continua”
Comput. Methods Appl. Mech. Engrg., 2003
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Mesh             Spectral degree = 4, Mesh             Spectral degree = 4, DtDt = 10% = 10% DtDtCFLCFL

11--Simulation of the shear band creationSimulation of the shear band creation

( )( ){ } 21

3
2 vp

ij
vp
ij

vp εεε =



Slide 39

Mesh             Spectral degree = 10, Mesh             Spectral degree = 10, DtDt = 10% = 10% DtDtCFLCFL

11--Simulation of the shear band creationSimulation of the shear band creation
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SD = 16,SD = 16,
Nodes = 2145Nodes = 2145

SD = 12,SD = 12,
Nodes = 1225Nodes = 1225

SD = 8,SD = 8,
Nodes = 561Nodes = 561

SD = 4,SD = 4,
Nodes = 153Nodes = 153

11--Simulation of the shear band creationSimulation of the shear band creation
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SD = 6,SD = 6,
Nodes = 1279Nodes = 1279

SD = 5,SD = 5,
Nodes = 896Nodes = 896

SD = 4,SD = 4,
Nodes = 581Nodes = 581

SD = 3,SD = 3,
Nodes = 334Nodes = 334

11--Simulation of the shear band creationSimulation of the shear band creation
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22--Soil structure Soil structure –– hazard hazard analsysanalsys

500 m

Alluvial valley:
VP = 300 m/s 
VS = 150 m/s

ρ = 1800 kg/m3

Bedrock:
VP = 1000 m/s 
VS = 600 m/s

ρ = 2500 kg/m3

A
B

C
A

B
C

ABCABC

90 m

15 m

A
B

C
A

B
C

Plane wave shear load
(amax = 1.5 m/s2)
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22--Soil structure Soil structure –– hazard hazard analsysanalsys
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22--Soil structure Soil structure –– time historiestime histories
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22--Soil structure Soil structure –– time historiestime histories



Slide 46

THE ENDTHE END


