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General formulation
Equation of motion for an earth model in the frequency domain:

Au — pw’u=F. (1)
For an SNREI earth we write
Fou® — pow’u® = f. (2
With a perturbation ansatz:
H = Ho + A P = po+p1
u=u’+v lv| < |ul (3)
we obtain
(Ho — po®lv = —(Hi— prw?)u
(Ho — pow®)lv = —Zu (4)

On order to derive sensitivity kernels, we will later set the total field to u®, but this is
not yet necessary. In this way the formula remains still exact:

2~

(/:/0 — pow2)v = —Zu. (5)
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Free mode expansion and matrix elements

To make use of results derived by Woodhouse and Dahlen (1978) and Woodhouse (1980), we
expand scattered and total displacement into eigenfunctions of the SNREI earth model:

u = Zukm(w)skm(r767¢)

k,m
v = Z Vim(w)Skm(r, 0, @) . (6)
k,m
The eigenfunctions satisfy:
Foskm = powiskm (7)

where the eigenfunctions sy, can be of two different kinds, spheroidal and toroidal:
Snem = Dy (1) Yem (6, 0) Snem = Dg(r) Yem(6, ). (8)

The Yym(0, @) are spherical harmonics. The operator I5,,g(r) contains the radial eigenfunctions
Une(r), Vine(r) und Wpe(r) of the earth model:

D7(r) = Une(r)er + Vie(r) V1 r) = —Wu(r)e: x V1, 9

where V1 = eg% a4 e¢ﬁ0%) is the surface gradient.
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Free mode expansion and matrix elements

The index k comprises the mode type the radial overtone number n and the angular degree 4.

The perturbation equation (Ho — pow?)v = —Zu then reads
Z Vkm(I:IO - pOw2)skm = - Z ukm2skm
km km
Z Vkm(powi - P0W2)5km = - Z Ukmzskm . (10)
km

Since the eigenfunctions satsify an orthonormality relation:
/ posxlm/ * Skm dV = 5k’kém’m ) (11)
v

multiplying the perturbation equation on both sides by s}, , and integrating over volume,
yields

Vi (W) = — P — Z Ukm w)/ (S5, - ZSkm) dV/ . (12)

wk,

The integral expression on the right hand side is called a matrix element. Its explicit form has
been derived by Woodhouse and Dahlen (1978) and Woodhouse (1980).
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Generalized spherical harmonics

One of their basic result is that the matrix elements can be written as bilinear forms
depending on s,s*, Vsand Vs*:

/ (Skrpmr - Zsim) dV = Qu/kmt m(S, 8™, Vs, Vs*) . (13)
v

This fact can be used to find a general expression for the matrix elements. We use canonical
coordinates with basis vectors

1 1
foi=—(ey —iey), fo=e, fi1=—(—ey—iey,). 14
1 \/E( 9 Ap) 0 +1 \/i( 9 Ap) ( )

use of these basis vectors allows a generalization of the conventional spherical harmonics
expansion to vector and tensor fields, for example the eigenfunctions can be expanded
according to:

+1
s(r, 9, ) = Z U?m(r) Ylortn(ﬂ’ o) fa. (15)

a=—1

with an obvious generalization to higher order tensor fields.
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Generalized spherical harmonics

The functions Y;"" (%, ¢) are called generalized spherical harmonics (GSH). They are useful
to switch for example from a geographical to an epicentral reference frame with epicentral
distance 8 and azimuth &:

Yio (8,6) = Z (9,0) Yem(Or, ¥R) - (16)

This is called the addition theorem of generalized spherical harmonics.
GSH can also be used to express the gradient of a vector field, for example:

Wlod 1 o o 1 o o
Vim 3 Y (4 U+ IR UG - 2IBIUET) VAT @) 6T, (D)
o=—18=——1

with

L(+1) —
It becomes clear that the matrix element, which is a bilinear form in s,s*, Vsand Vs*, can be
expanded into GSH according to the following general form:
+2 42
S Z8km = e 3 D XED(r,9,0) Y, (9,0) Vi (9, 9). (19)
p=—2q=—2

Important here is that the upper indices of the GSHs (p and q) take only values between —2
2041
47

and 2! The expression vy = has been extracted for convenience reasons.
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Formulation as a scattering problem

We can use this representation of the matrix element to reformulate the equation

1 .
Vi () 7mz e (@) /V (5510 - Zim) dV (20)

Kk’

2 22% PUES [ A0, 0080, 00VE ) v

p,q=—2
as a scattering problem.
First of all, we return to the scattered displacement at some receiver

V(ﬂvaR) = Z V! m’ Sk! m! (21)

k' m’
’\/Sk/ / -
= -3 FEE D wnne 5 /Xyzz (r, 9, Q) Y2, (0, 9) Y3, (0:) dV
k' m’ P,q=—2

To simplify things, we consider the scattered field of mode type t’ and overtone branch n’
excited by mode type t and overtone branch n:

/ ’7 5 n’ o' m’ e
Virn(Or, oR) = = D — e Z tkm(w) e Z / XED(r,8,0) YL (8,0) Y, (9, 9) dV

o'm! ’Z’ p,q=—2
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Formulation as a scattering problem

Frequency

[

L
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Formulation as a scattering problem

Now we insert the definition (a = earth radius):

s;[m(a7 IR, (IDR) = nyé(a) Yfm(ﬂRv SOR) ) (22)
and obtain
’ 'Y/Dt/ /( )Yé/m’(ﬁRvﬂoR)
Vi (9R, oR) = — Z Lot 2 2 (23)
llm, /e/
S unere Y[ X0 Y0 AV TR
£m p,g=—2

We can now apply the addition theorem for GSH to introduce scatterer centered coordinates (3
and ¢ giving the distance and azimuth of the receiver with respect to the scatterer:

Yerq(B,8) = Z Y3 o (9,0) Yer (9r, 9R) (24)
and rewrite the above equation as
Nt
' ~,D%, ,, (a)
ViR, 0r) = — ) 5T x (25)
o W — W

5 / ZCLDY XD (1,8, ) yptiom(w) YL, (8, 0) dV .

p,q=—2
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Formulation as a scattering problem

This formula is easily interpreted: the total field at the scatterer excites a scattered signal
whose strength is controlled by the interaction coefficients x/,. The signal is propagated to
the receiver by the spherical harmonic Yy q(8,£). We can still modify the formula bit. There
exist generating operators Gf with the following property:

YeYP = LGPYY, =

m ep G YZm 3 (26)

@P

where

Nl

(€+p!2

2= [— : (27)
(€—lp!

Using these operators we can write

Dt
v,D a
Vn//l;(’@R,gOR) = — E %W(Z)X (28)
o W W

1 .
> [ vets9) 5 D 9:0) g5 67 3 () Vim0 )V
£ m

p,q=—2
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Applying the Poisson sum formula

Now, we are prepared to make the transition from modes to waves by applying the Poisson
sum formula:

da= > /000 g(v)e’ ™ dv. (29)

£=0

Frequency

'

&
>
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Applying the Poisson sum formula

Application of this formula to the sum over ¢ and evaluation of the integral using the theorem
of residues leads to the following expression:

t't i t B \Y? o 1 (2) lq| gia&
Vi O om) = = O (@ [ av (25 3. o A slagene

(30)
5 XD (0, 0) 55 6F 5 uin () Yon 9 ).
p=—2 £ Z

To apply the same procedure to the sum over ¢, for simplicity we now set u = ug. For an
impulsive point source:

Z“km )Yem(9, ) —WZ 1)sm Re [(\@ei“")sqks] 2 (31)
wi

s=0
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Applying the Poisson sum formula

Poisson formula and theorem of residues then yields

e s 3 7 Dt W 8 1/2 +2 1 H(2 oy
Vn'n( Rﬂ%‘?)—‘m ,,/16(3) y sin @ Z @q ‘q‘(oﬁ)[ 5(‘7)”0] eX

(32)

2
(pq) 1~
Z Xkék()(hﬂ’(p)ep ZPOX (33)
p=—2 Lo

% (Sln 19) " Z ) v5H. (Zoﬂ)Re [(ﬁew)s qkos] .

=0
This is the general formula for calculating Born scattering seismograms for general aspherical
perturbations. It can also be used to compute sensitivity kernels by restricting the support of
the interaction coefficients Xi‘fzg(r,ﬁ, ) to a small volume and by computing the scattered
field as a function of the location of the volume. It remains to evaluate the interaction

coefficients for the desired kind of perturbations.
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Interaction terms for general anisotropic perturbations

For anisotropic perturbations the matrix element takes the following form
/ (St~ ZSkm) dV =/ Vst 0 0C : Vsgm dV.
v v

Using a GSH representation of the eigenfunctions,

+1
Skim= Y Upeo(r) Vi fa .

a=-—1

the integrand can be written

VS € Vsim = > 3 U (—1ypt7sclo—p—T Tl yptry St

k' m’ k' m’
af pT

with

km

. 1 1
UGl = (98 G + 1017 U7 = Z11UEST)

(34)

(35)

(36)

(37)

These equations allow an evaluation of the interaction terms from the radial eigenfunctions of
a spherically symmetric earth model. Explicit expressions are skipped here but we note some

symmetry properties.
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Symmetry properties

Setting p = p+ 7 and g = a + B one can write the interaction coefficients in the form

X5 = U BIB(_1)pscha=Bipmpteyp=ele (38)

Due to the symmetry relations (not proven here)

U7 = Ug? (39)
and
SCBYS — (71)&+5+’Y+56C—a,—5,—'y,—5 , (40)
it can be shown that -
Xk = (DTG (41)

Thus, from the 25 interaction coefficients we only need to compute 13. Since the sum of the
indices of the elastic tensor is g — p we order the interaction coefficients according to this
quantity. An evaluation shows that there are

» 3 coefficients with ¢ — p = 0. They contain five elastic constants which represent
transversely isotropic perturbations

4 coefficients with g — p = 1. They contain 6 elastic constants.
3 coefficients with g — p = 2. They contain 6 elastic constants.

2 coefficients with ¢ — p = 3. They contain 2 elastic constants.

vV vyyvyywy

1 coefficient with g — p = 4. It contains 2 elastic constants.
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Spheroidal-spheroidal coupling, transversely isotropic
perturbation, symmetric radiation pattern

Great circle section:

=16 min. 30 sec.
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circle:
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Toroidal-spheroidal coupling, transversely isotropic
perturbation, non-symmetric radiation pattern

Great circle section:
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Cross section perpendicular to great
circle:
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Spheroidal-toroidal coupling, transversely isotropic
perturbation, symmetric radiation pattern

Great circle section:
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Cross section perpendicular to great
circle:
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Spheroidal-spheroidal coupling, purely anisotropic
perturbation §CH1 §C—1~1=1=1 symmetric radiation

pattern

Great circle section:
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Cross section perpendicular to great
circle:
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