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DFT modal analysis of spectral element methods
for the elastic wave equation

Saulo Pomponet Oliveira and Géza Seriani
OGS, Trieste - I'taly

Theoretical estimate for the
dispersion error with respect to

number of grid points per wavelength (G)

Y Arbitrary degree, 1D to 3D
v DFT + index reordering and Rayleigh quotient approximation

v Benefits from tensor representation of spectral elements
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Methodology

Isotropic, elastic wave equation
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Methodology

Isotropic, elastic wave equation

82

p@u—()mL,u)V(V-u)—uV-Vu:O

Spectral elements/ 2D square meshes:
pM L ui(t) + Kyu(t) + Koub(t) = 0

M 2 uj(t) + KT wi (f) + Kauj(t) = 0
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w Element matrices
‘V | Me (AzAy/4)A ® A,

ﬂlh K¢ E(Ay/Az)A @ B+ pu(Az/Ay)B® A,
K¢ MC)T ®C+uC o (C),
K = u(Ay/Az)A®B+E(Az/Ay)Be A
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‘48 Element matrices

(AzAy/4)A ® A,

E(Ay/Az)A @ B + p(Az/Ay)B ® A,
AMC)'®C+ uCx(C),
n(Ay/Ax)A @ B+ E(Az/Ay)B ® A

Al s = /1 P;(2)pi(z) dz
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DFT modal analysis:
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DFT modal analysis:
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DFT modal analysis:
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BN (1) = R Tvlks] ® (k]

Substitute u*, take DFT:
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j‘ﬁ DFT modal analysis:
BN (1) = Rie™™ t[ks] © Viki]

=% Substitute u*, take DFT:

—p(w*)°R
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Final eigenvalue system:

D; D, Riv
D, Dsj Rov
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Final eigenvalue system:

D; D, Riv
D, Dsj Rov

d; ds Ry
do d3 Ry |
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di doy ds
do dy ds
ds ds dg

E 1 S
~ _—_ A®A®B
n O

Dg
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Ly
:é‘ § Time discretization

Substitute u, take DFT:

P
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—tw At 2+ eiw*At
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Ly
:é‘ § Time discretization

+ K1u>{(tn) -+ K2u§(tn_1) =0

Substitute u, take DFT:
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Ly
‘é‘ § Time discretization

S Kﬂf{(tn) -+ K2u§(tn_1) =0

Substitute u, take DFT:

2sin(w*At/2)\2 _ . ) )
—,0( Sm(“’At /)) RyM¥ + R K% + RyKyv = 0

(similar to —p(w*)2 R MV + R K1V + RoKov =0 )
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Polar plots : 1+ 20(c*s-cs)/cs
four grid points per wavelength

Chebyshev Legendre
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Polar plots : 1 + 20(c*p-cp)/cp
four grid points per wavelength
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Dispersion / full discretization
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3D plots : 1+ 20(c*s-cs)/cs
spherical coordinates
four grid points per wavelength
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3D plots : 1+ 20(c*p-cp)/cp
spherical coordinates
four grid points per wavelength
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Discussion

* Chebyshev similar to Legendre on rectangular meshes

* For N=8, the dispersion error is below 1% for 6=4

(Priolo, Carcione &Seriani, 1994; Komatitsch & Tromp, 1999)
« S-wave approximation more sensitive to Poisson's ratio
(Marfurt, 1984)
*Besides confirming known results, DFT Modal Analysis
* leads to the design of less dispersive methods
(Seriani & Oliveira, 2007)

* motivates comparison with pseudo-spectral methods

(Fornberg, 1987)
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