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Motivation

Why very high order schemes for elastic waves ?

• physical models of the subsurface become more and more detailed, 
accurate computations of resulting synthetic seismograms become essential 

model validation
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Motivation

Why very high order schemes for elastic waves ?

• physical models of the subsurface become more and more detailed, 
accurate computations of resulting synthetic seismograms become essential 

model validation

• understanding of misfit only possible with highly accurate numerical schemes

separation of errors

• for wave propagation problems time accuracy is as important as space accuracy 
(amplitude and phase errors depend on time and space accuracy respectively)

space AND time accuracy

• highly accurate numerical methods from the CFD community are applicable

CFD developments
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Elastic Wave Equations 

theory of linear elasticity
(definition of strain, Hooke´s law) 

+
Newton´s law

(acceleration through forces 
caused by stress)

=
velocity-stress formulation

(non-conservative hyperbolic system)

In a heterogeneous medium:
space-dependent material coefficients
Lame constants:  λ = λ(x,y,z),

µ = µ(x,y,z), 
density                 ρ = ρ(x,y,z) 
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Eigenstructure of the Hyperbolic System

Compact vector-matrix notation gives

with the vector of unknowns and Jacobian matrices
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Eigenstructure (continued) 

Eigenvalues give wave speeds of P- and S-waves

with

P-wave       S-wave

Eigenvectors are given through
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Discontinuous Galerkin (DG) Approach 
(Reed & Hill, 1973; Cockburn & Shu, 1989, 1991)

Ideas: • piecewise polynomial approximation of unknown functions
on unstructured triangular or tetrahedral meshes

• incorporation of well-established concepts of numerical fluxes 
across element interfaces into the finite element framework

• time evolution of polynomial coefficients (no point values or cell averages!)
no reconstruction or stencils !

• computations done on reference element
increase of computational efficiency !

• well-suited for parallelization due to 
local character of the scheme
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DG – The Numerical Scheme for 2-D 
(Reed & Hill, 1973; Cockburn & Shu, 1989, 1991)

The governing system of equations is given by

Representation of the numerical approximation 
of the state vector uh in element (m) in terms of
l basis functions Φ

Index notation: Summation from l = 1 to Nd
where Nd = (N+1)(N+2) / 2 is the number of
degrees of freedom and N the degree of the
approximation polynomial

( ) 1,0 =Φ ηξ
ηξηξ ++−=Φ 21),(1

ηηξ 31),(2 +−=Φ
16662),( 22

3 +−++−=Φ ξξξηηηηξ

121065),( 2
4 +−+−=Φ ξξηηηηξ

1810),( 2
5 +−=Φ ηηηξ

The basis functions Φ are combinations of 
Jacobi-polynomials and form an 
orthogonal basis on triangles 
and tetrahedrons. 
Therefore, the mass matrix is always 
diagonal.
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DG – The Numerical Scheme for 2-D 

Multiplication of the governing equation with a test function Φk
and integration over a triangle T (m) gives

Integration by parts yields

The exact numerical flux in due to Roe´s method has the form

with
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DG – The Numerical Scheme for 2-D

and splitting the boundary integral into the flux contributions gives 

Using the representation
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DG – The Numerical Scheme for 2-D
Transformation into the reference element is given through

with

The Jacobian matrix of the transformation is given through
and it holds

This provides the transformed Jacobian matrices of the governing equation as
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DG – The Numerical Scheme for 2-D
The transformation of the equation into the reference element then gives

parameterizes the j-th edge of the reference triangle and  

is its length in physical space  
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DG – The Numerical Scheme for 2-D
The transformation of the equation into the reference element then gives

The following integrals on the reference element can be pre-computed and stored
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ADER-DG – Time Integration

The time integration over one time step from level n to n+1 leads to 

where at local time level t = tn = 0 
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ADER-DG – Time Integration

In the reference element we have the governing equation

For a linear system the k-th time derivative is expressed by space derivatives

The Taylor series expansion in time around up at local time level t=0 gives
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ADER-DG – Time Integration

Projecting this approximation onto the basis functions gives the evolution of 
the degrees of freedom from level t = tn to tn+1= tn+∆t

Analytical time integration gives

where we define
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Boundary Conditions
Most important: 1) open, outflow, absorbing, non-reflective boundaries

2) free surface boundaries

Open boundaries:

• only outgoing flux is considered, incoming flux is set to zero

Free surface boundaries:

• only outgoing flux is considered, incoming flux is set to zero

with
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Numerical Accuracy and Convergence
• plane P- and S-waves travel with different speeds and  in different directions

• after simulation time t = T waves coincide 
with the initial condition, i.e.

• analysis up to 10-th order in space and time on four 
mesh refinement levels on regular and irregular triangulations
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Application: Strong Material Contrasts (LeVeque, 2002)

• Elastic medium with
large contrast in material
properties

Outside:
ρ = 1,  λ = 2,      µ = 1,      cp = 2       
Inside:
ρ = 1,  λ = 200,  µ = 100,  cp =20

Movie:    σxx

Order:   4       Mesh:  200 x 100       CPU time: 100%Order:   6       Mesh:  100 x 50       CPU time: 50%
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Application: Global Seismology using PREM

• parallelization with METIS
mesh partitioning

• mesh spacing proportional 
to P-wave velocity

(Dziewonski & Anderson, 1981)

• unphysical, decreasing 
mesh spacing towards the 
center is avoided

• optimal use of the CFL criterion

• no interpolation at hanging nodes

• no grid staggering

• triangular mesh adapts nicely
to geometry
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Example: Global Seismology using PREM
(Dziewonski & Anderson, 1981)

shear stress component σxyvertical velocity component v
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Free Surface Boundary ( Lamb´s Problem )
(Lamb, 1904)

• vertical point force on the free surface
• investigation of accuracy of P-, S-, and Rayleigh waves

• setup similar to test case of
(D.Komatitsch & J.P.Vilotte, 1998)

source

receiver
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Free Surface Boundary (Lamb´s Problem)
(Lamb, 1904)

• vertical point force on the free surface
• investigation of accuracy of P-, S-, and Rayleigh waves

• setup similar to test case of
(D.Komatitsch & J.P.Vilotte, 1998)

P-wave

S-wave

head-
wave

Rayleigh-wave

source

receiver



Martin Käser                                                    ADER-DG  for Elastic Waves on unstructured meshes                                             Munich, July 2005

Free Surface Boundary (Lamb´s Problem)
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3-D Applications in Progress
• Tetraheral meshes give the flexibility needed for complex geometries
• METIS mesh partitioner can handle large 3-D tetrahedral meshes easily  
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